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^ ' Introduction 
(N 

O ■ If g is a finite-dimensional complex simple Lie algebra, the associated 'untwisted' 
affine Lie algebra § is a central extension, with one-dimensional centre, of the 
^ ! space of Laurent polynomial maps C ^ ^ g (on which a Lie bracket is defined using 
pointwise operations). Since the cocycle of the extension vanishes on the constant 
maps, we can regard g as a subalgebra of g. If V is any representation of g, it 
p • is easy to extend the action of g on F to an action of g on the same space. If 
1^ , a e C^, evaluation at a gives a homomorphism eva '■ Q ^ Q (under which the 
centre maps to zero) which is the identity on g, so pulling back V by eVa gives the 
desired extension. It follows from the results of [2] that, if V is finite-dimensional 
^ ■ and irreducible, these are, up to isomorphism, the only possible extensions. 
c5 ■ Quantum deformations Uq{Q) and Uq{Q) of the universal enveloping algebras of 

g and g were introduced in 1985 by V. G. Drinfel'd and M. Jimbo. These algebras 
depend on a parameter g G C ^ ; we assume throughout this paper that q is transcen- 
dental. It is well-known (see [5] or [9], for example) that, up to twisting by certain 
simple automorphisms, there is a natural one-to-one correspondence between the 
finite-dimensional representations of Uq{g) and those of g. Corresponding repre- 
sentations have the same character, and hence the same dimension. However, the 
structure of the finite-dimensional representations of Uq{Q) is not well-understood. 
A parametrization of these representations in the spirit of Cartan's highest weight 
classification of the finite-dimensional irreducible representations of g is proved in 
the case g = s/2 in [3], and in [6] in general. 

As in the classical situation, we may regard Uq{g) as a subalgebra of Uq{g). If g is 
of type sin, the action of Uq{Q) on any representation V extends to a representation 
of Uq{Q). However, if g is not of type sin, it is not usually possible to extend the 
action of Uq{Q) on an irreducible finite-dimensional representation V to an action 
of Uq{g) on V. Thus, it is natural to ask how V can be 'enlarged' so as to obtain 
a representation of Uq{Q). To make this question precise, we define in this paper 
a natural partial ordering on the set of isomorphism classes of representations of 
Uqlo). By an ajfinization of a finite-dimensional irreducible representation V of 
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Uqid)-, we mean an irreducible representation V of Uq{Q) which contains F as a 
C/g(g)-subrepresentation with multiphcity one, and such that all other irreducible 
t/q(0)-subrepresentations of V are strictly smaller than V. (There is a clear analogy 
with the classical Harish Chandra theory of [g, X)-modules here.) 

We prove that any given representation V has only finitely many affinizations (at 
least one) up to C/g(0)-isomorphism, and one may ask if any of them is 'canonical'. 
A reasonable interpretation of this question is to look for the minimal aflBnization(s) 
of V, with respect to our partial order. If g = sZ„, we show in [4] that every finite- 
dimensional irreducible representation of Uq{Q) has, up to C/g(g)-isomorphism, a 
unique minimal affinization. In this paper, we prove that, if g is of type C2 or G2, 
there is again a unique minimal affinization, and we describe it precisely in terms 
of the highest weight classification of representations of Uq{Q) mentioned above. In 
contrast to the sin case, the minimal affinization in these cases is not, in general, 
irreducible as a representation of Uq{g). Subsequent papers will deal with the case 
when has rank greater than 2. 

The problem of constructing affinizations of representations of Uq{Q) is important 
in several areas of mathematics and physics, as has been emphasized by I. B. Frenkel 
and N. Yu. Reshetikhin, among others (see Remark 4.2 in [8]). As one example, 
recall that, to any finite-dimensional irreducible representation V of Uq{Q) one can 
associate an R-matrix, i.e. an element R G End{V(E)V) which satisfies the 'quantum 
Yang-Baxter equation' (QYBE). There are many situations, however, in which it 
is important to have a solution of the 'QYBE with spectral parameters'. This is so, 
for example, in the theory of lattice models in statistical mechanics, for only when 
the R-matrix constructed from the Boltzmann weights of the model satisfies the 
QYBE with spectral parameters can one prove the existence of commuting transfer 
matrices and deduce the integrability of the model. (See [5], for example, for an 
introduction to these ideas.) Thus, it is natural to ask when R can be 'embedded' 

in a parameter-dependent R-matrix R{u) e End{V<SiV). A sufficient condition 
for this is that the action of Uq{Q) on V extends to an action of Uq{g) on V, for 
then V itself can be embedded in a 1-parameter family of representations of Uq{Q) 
by twisting with a certain 1-parameter family of automorphisms of Uq{Q) (which 
correspond, in the classical case, to 'rescaling' the parameter in g). 

A second example concerns the affine Toda field theory associated to g. This 
admits Uq{g*) as a 'quantum symmetry group', where g* is the dual affine Lie 
algebra (whose generalized Cartan matrix is the transpose of that of g). It is well 
known that the classical solitons of this theory correspond essentially to the finite- 
dimensional irreducible representations of g. The solitons (or particle states) of the 
quantum theory should therefore correspond to the finite-dimensional irreducible 
representations of Uq{g*). Since not all representations of Uq{Q) are affinizable on 
the same space, the quantum solitons come in 'multiplets', and there are generally 
'more' quantum solitons than classical ones. 



1 Quantum affine algebras 

Let g be a finite-dimensional complex simple Lie algebra with Cartan subalgebra () 
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{dittij) is symmetric. Let R be the set of roots and a set of positive roots. The 
roots can be regarded as functions / — > Z; in particular, the simple roots ctj e i?"*" 
are given by 

ai{j) = aji, 

Let Q = ®i^iL.ai C t)* be the root lattice, and set Q'^ = Yliei'^-'^i- 

A weight is an arbitrary function A : / — > Z; denote the set of weights by P, and 

let 

P+ = {A e P : > for aU i e /} 
be the set of dominant weights. Define a partial order > on P by 

X>^Ji iffA-yueg+. 

Let 9 be the unique highest root with respect to >. 

Define a non-degenerate symmetric bilinear form ( , ) on ()* by 



(Ctj, Q!j) = d, 



and denote by ( , ) also the induced form on f). Set do = |(6', 9), aoo = 2, and, for 
all i e I, 

2{9,a,) 2{9,a^) 



(9,9) 



Let i = I U {0} and A = {aij)^ j^f- Then, A is the generalized Cartan matrix of 
the untwisted afiine Lie algebra g associated to g. 

Let g e be transcendental, and, for r, n e N, n > r, define 



[n] 



qu _ q n 
q-q-^ ' 



[n],! = [n],[n-l],...[2],[l]„ 



n 



[r]q\[n - r] 



— n'ii 



If i e /, let qi = q 

Definition 1.1. With the above notation, Uq{g) is the unital associative algebra 
over C with generators xf, kf^ (i & 1), and the following defining relations: 



ki kj^ 



kj^ ki — 1, kikj 



kj ki , 



kixfk- ^ = q. 



x~ 



k-' 



■'IJ _i ; 

Qi-Qi 



(1) 



l-aij 

E 

r=0 



1 — a 



1J 



{xfYx^ixfY-^ 



= 0, ii^j. 



The algebra with generators xf, kf^ (i E I) and the above defining relations 
(with the indices i, j restricted to I) is denoted by Uq{Q). 

Note that there is a canonical homomorphism of algebras Uq{Q) — > C/q(g) which 



takes x^ 



x^ , k 
1„^ 



±1 



kf^ for alH e /. The following result is well-known (see 
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Proposition 1.2. Uq{Q) has the structure of a Hopf algebra, with comultiplication 
A, counit e, and antipode S, given by 

A{xr)=x-(^l + k-^m-, 

eixf) = 0, eikt') = 1, 
Sixi) = -xtk-\ Six-) = -hx-, Sikt') = kf\ 

for all i & I. Moreover, Uq{Q) is a Hopf algebra with structure maps given by the 
same formulas, but with the index i being restricted to the set I. □ 

It is well-known that q may also be described as a central extension, with one- 
dimensional centre, of the loop algebra of g, i.e. the space of Laurent polynomial 
maps — > Q under pointwise operations. Drinfel'd [7] and Beck [1] give an 
analogous realization of Uq{g): 

Theorem 1.3. Let Aq be the unital associative algebra with generators xf^ (i ^ I , 

r E Ij), kf^ (i & I), hi^r (i & I, r E Z,\{0}^ and c^^l'^ , and the following defining 
relations: 

c^^/^ are central, 

^i^i — — c ^ c ^ — c ^ c ^ — 1, 

k'ikj — kjk/i^ k/ihjj^f — hj^ipkii^ 

± ± _ ±aij ± ± _ ±aij ± ± _ ± ± 

C^r-8)/2±+ _ -{r-8)/2A- 
r + - 1 _ r Vi,r+8 ^ 'Pi,r+s 

[X, , a; • J — Oj 



"^3,81 ~ -1 ' 

Qi - Qi 

m 

7reSj„ fe=0 * 



for all sequences of integers ri, . . . , r^, where t/ie symmetric 

group on m letters, and the (j)^^ are determined by equating powers of u in the 
formal power series 



00 



r=0 \ 8=1 



8U^' 



If 9 = "^i^j rriiai, set ke = Ilie/^I"*- Suppose that the root vector x'^ of g 
corresponding to 9 is expressed in terms of the simple root vectors xf (i ^ I) of g 
as 

™+ _ \ r™+ r™+ r™+ ™+i 11 
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for some A e C^. Define maps wf" : Uq{g) Uq{g) by 

Then, there is an isomorphism of algebras f : Uq{Q) — > Aq defined on generators by 

f{ko) = k,\ fih) = f{xf) = x±o, {i e /), 

/(xq ) = Xk0W+ ■ ■■w+{x+_-^), 
where e is determined by the condition 

[Xq,Xq] = □ 

Qo - Qo 

Let (resp. U^) be the subalgebra of Uq{g) generated by the xf^ (resp. by 
the (jif^) for all z G /, r G Z. Similarly, let (resp. be the subalgebra of 

Uq{g) generated by the xf' (resp. by the k^^) for all i E I. It is not difficult to 
prove 

Proposition 1.4. (a) Uq{Q) = U-.U^.U+. 
(b)Uq{g) = U-.U^U+. □ 

It is clear that setting 

degixf;^) = deg{hi,r) = r, deg{c^^/^) = deg{kf^) = 0, {iel, reZ) 

gives Uq (q) the structure of a graded algebra. The following result is a more precise 
formulation of this remark. 

Proposition 1.5. For all t G C^, there exists a Hopf algebra automorphism Tt of 
Uq{Q) such that 

Proof. It is clear, as we have already said, that there is an algebra automorphism 
Tt given on generators by the above formulas. To see that Tt respects the coalgebra 
structure, note that, by the formula for the isomorphism / in 1.3, 

Tt{xf) = xf, Tt{kf) = kt\ (iel), 

r,(4) = tTi4, Tt{k^') = k^\ 
Using 1.2, it is easy to check that both sides of the equations 

{Tt®Tt) O A = A O Tt, TtoS = S OTt 

agree on the generators in 1.1, and hence on the whole of Uq{g). □ 

The Tt are the quantum analogues of the 'translation' automorphisms which take 
a loop £ : g to the loop £t given by £t{u) = £{tu). 

We shall also need to make use of the quantum analogue of the Cartan involution 
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Proposition 1.6. There is a unique algebra involution Cj of Ug^Q) given on the 
generators of the presentation 1.3 by 

(2) ^(<^t) = €-- ^{kf')-kf\ 
Moreover, we have 

(3) {uj®Lb) o A = o a;, 

(4) Co-^ oS-^ oCooS = K, 

where is the opposite comultiplication ofUq{Q) and k is the Hopf algebra auto- 
morphism ofUq{Q) such that 

Proof. That the formulas in (2) do define an algebra involution of Uq^Q) is easily 
checked, using 1.3. To prove (3) and (4), we compute uj{x^). Note that, for any 
a e Uqio), 

It follows from the formula for the isomorphism / in 1.3 that 

= -fii-l)'w+ . ..wlix+_,)ke 
= -A-V(-l)''fc ' 
and, because u is an involution, 

u{x^) = -Xn-\-l)''qo^x+. 

Equations (3) and (4) are now easily checked on the generators in 1.1. □ 

It is clear that a) is compatible, via the canonical map Uq{Q) Uq{Q), with the 
Cartan involution uj of Uq{Q), given by 

u;{xf)^-xf, u:{kf)^kf' {iel). 
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2 Finite— dimensional representations 

Let W he Si representation of Uq{g), i.e. a (left) t/g (5) -module. One says that 
A e P is a weight of W if the weight space 

Wx = {w eW \ ki-w — q^^^^'w} 

is non-zero; the set of weights of W is denoted by P{W). We say that W is of type 
1 if 

W= ^ Wx. 

xeP(w) 

The character of W is the function chw : P — > N given by chwW — dim{Wx)- 
If is a representation of Uq{Q), one says that w e Wx is a highest weight vector 

if xf.w = for all i E I. li W = Uq{Q).w, one says that W is a highest weight 

representation with highest weight A. Lowest weight vectors and representations 

are defined similarly, by replacing xf' by x~ . 

For a proof of the following proposition, see [5] or [9] . 

Proposition 2.1. (a) Every finite-dimensional representation of Uq{Q) is com- 
pletely reducible. 

(h) Every finite-dimensional irreducible representation ofUq{Q) can be obtained 
from a type 1 representation by twisting with an automorphism of Uq (0) . 

(c) Every finite-dimensional irreducible representation ofUq^Q) of type 1 is hath 
highest and lowest weight. Assigning to such a representation its highest weight 
defines a bisection between the set of isomorphism classes of finite-dimensional 
irreducible representations ofUq^Q) and P'^ . 

(d) The finite-dimensional irreducible representation V{X) of Uq{g) of highest 
weight A G P+ has the same character as the irreducible representation of g of the 
same highest weight. □ 

By (a) and (c), if W is any finite-dimensional representation of Uq{Q) of type 1, 
we can write 

AeP+ 

for some uniquely determined multiplicities mx{W) e N. It will be useful to define 
mxiW) = for A e P\P+. 

Proposition 2.1 (continued), (e) The multiplicities of the irreducible components 
in the tensor product V{X)<S>V{fi), where A, e P+, is the same as in the tensor 
product of the irreducible representations of g of the same highest weight. □ 

We now turn to representations of Uq{g). Note that, such a representation V 
may be regarded as a representation of Uq{Q) via the canonical homomorphism 
Uq{g) Uq{g). We say that V is of type 1 if c^/^ acts as the identity on V, 
and if ki acts semisimply on V for all i E I. Observe that V is then of type 1 
as a representation of Uq{g); in particular, the multiplicities mx{V) (A e P) are 
well-defined. 

A vector v eV is a highest weight vector if 

™+ „. _ n J.± „. _ ^± „. „l/2 „. _ „. 



8 



for some complex numbers ^f^. If, in addition, V = Uq{g).v, then V is called a 
highest weight representation, and the pair of (/ x Z)-tuples {^f^)i^i^rei i'ts highest 
weight. Note that ^>^^ = (resp. = 0) if r < (resp. if r > 0), and that 
^to^To ~ ^- (■'■^ [^]' highest weight representations of Uq{Q) are called 'pseudo- 
highest weight'.) Lowest weight vectors and representations of Uq{g) are defined 
similarly. 

The following result is proved in [5]. 

Proposition 2.2. (a) Every finite- dimensional irreducible representation ofUq{Q) 
can be obtained from a type 1 representation by twisting with an automorphism of 

(b) Every finite-dimensional irreducible representation ofUq{g) of type 1 is both 
highest and lowest weight. □ 

Note, however, that in contrast to the case of Uq{Q), finite-dimensional represen- 
tations of Uq{Q) are not completely reducible, in general. 

The next result gives a parametrization of the finite- dimensional irreducible rep- 
resentations of Uq{Q) of type 1 analogous to that given for C/q(g) by 2.1(c). If 
P = {Pi)i£i is any /-tuple of polynomials Pi e C[tt], its degree deg{P) e P"*" is 
defined by 

deg{P){t) = degiP^). 

Let V be the set of /-tuples of polynomials with constant term 1, and, for any 
A e P+, let 

= {P e p I deg{P) = A}. 

Theorem 2.3. Let V be a finite- dimensional irreducible representation of Uq{Q) 
of type 1 and highest weight {^^^)i£i^r&z- Then, there exists P = {Pi)i^i e V such 
that 

oo „ / _2 \ oo 

(5) E K^-" = '"--'^^ = E 

r=0 ^^^^^ r=0 

in the sense that the left- and right-hand terms are the Laurent expansions of the 
middle term about and oo, respectively. Assigning to V the I-tuple P defines 
a bisection between the set of isomorphism classes of finite- dimensional irreducible 
representations of Uq{Q) of type 1 andV. □ 

This result is proved in [3] when g = sZ2(C), in [5] when g = s/„(C), and 
in [6] in the general case. We denote by V(P) the finite-dimensional irreducible 
representation of Uq{Q) associated to P e P. Abusing notation, we shall say that 
a representation y as in 2.3 has highest weight P. 

The next result describes the behaviour of the representations V^(P) under tensor 
products. If P = {Pi)^eI, Q = {Qi)iei ^ let P®Q e P be the /-tuple {PiQi)iei- 
Obviously, deg(P®Q) = deg{P) + deg{Q). 

Proposition 2.4. Let P , Q E V be as above, and let vp and vq be highest weight 
vectors ofV{P) andV{Q), respectively. Then, inV{P)®V{Q,), 

where the complex numbers ^^j, are related to the polynomials PiQi as the are 

related to Pi in (5). □ 

rpi c ■„ i-^ ™„ „; ;„ fol 1 „; lrn\ 
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Corollary 2.5. IfP, Q G V, V(P^Q) is isomorphic to a quotient of the subrep- 
resentation of V{P)<S>V{Q) generated by the tensor product of the highest weight 
vectors. □ 

Let Xi {i e /) be the fundamental weights of q: 



The V{Xi, a) are called the fundamental representations of Uq{Q). This terminology- 
is justified by the following consequence of 2.5: 

Corollary 2.6. Every finite- dimensional irreducible representation ofUq{g) of type 
1 is isomorphic to a subquotient of a tensor product of fundamental representa- 
tions. □ 



3 Minimal afflnizations 

We propose the following definition. 

Definition 3.1. If X & , a finite- dimensional irreducible representation V of 
Ug{g) of type 1 is said to be an affinization ofX if the highest weight P ofV satisfies 
deg{P) = X. Two affinizations V and V' of X are said to be equivalent ifV and V 
are isomorphic as representations ofUq{g). 

Remark 3.2. It follows from 1.3 that, if V is an afiinization of A, then 



as a representation of Uq^Q). Thus, V gives a way of 'extending' the action of 
Uq{Q) on V{X) to an action of at the expense of 'enlarging' V{X) by adding 

representations of Uq{Q) of smaller highest weight. 

If V is an affinization of A, we denote its equivalence class by [F], and we write 
for the set of equivalence classes of affinizations of A. Note that there is an 
obvious surjective map 7^^ — > Q"^, given by P i— > [F(P)]. 
One can easily describe in case A is fundamental: 

Proposition 3.3. For any i E I, 



For any a e , let V{Xi, a) = V{P), where 




V ^ V{X) ® Viii)"^^^^^ 



{m€P+|m<a} 



Q'^=mX„l)]}. 




;ll „1 — u„ 



] „1 1 
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Lemma 3.4. Let p : Uq{Q) — > End{V) be a finite- dimensional irreducible represen- 
tation of type 1 with highest weight P = {Pi)i^i. For any t e , denote by t*{V) 
the representation port- Then, t*{V) has highest weight P* = {Pl)i^i, where 

Pl{u) = P,{tu). 



Proof. This is immediate from (5), since 



If V is an affinization of Aj, with highest weight P = {Pi)i^j, say, then deg{Pi) — 
Xj{i) = Sij, so V = V{Xj, t) as representations of Uq{g), for some t G C^. But then 
T^{V) = V{Xj, 1). In particular, V = V{\j,l) as representations of Uq{Q). This 
proves 3.3. □ 

For arbitrary A e P'^, we have 

Propostion 3.5. For any A G P~^ , Q"^ is a finite set. 

Proof. Let V be an affinization of A, let P G V'^ be the highest weight of V, and 
suppose that 

AW 

Piiu) = l[il-a-^u), 

r=l 

where ai^r G C^. By 2.5, V is isomorphic to a subquotient of 




(the terms in the tensor products may be taken in any order). By 2.1(a) and 3.4, 
V is isomorphic as a representation of Uq{g) to a subrepresentation of 

(g)V(A,,l)®^(^). 

iei 

Up to isomorphism, this representation obviously has only finitely many subrepre- 
sentations, hence 3.5 is proved. □ 

The rest of this section is devoted to the definition of a natural partial order on 
Q^. It is convenient to first define a partial order on a set which contains all of the 
Q'^. Namely, if / : P"*" — > N is any function, let 

suppif) = {A G P+ I /(A) > 0} 

and define 

T={f e I suppif) is finite}. 

Definition 3.6. Let f,g E J^. We say that f ^ g iff, for all p, G P"*", either 
(i) f{p) < g{p), or 

(a) there exists v > p with f{v) < g{v). 
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Proposition 3.7. :< is a partial order on T . 

Proof. That / ^ /, for all / G JF, is obvious. li f ^ g and g di f , suppose 
for a contradiction that there exists ii e P+ with /(/x) 7^ g{jJi)- Note that, since 
supp{f)Usupp{g) is finite, there are at most finitely many such fi, so we may assume 
that fi is maximal (with respect to the partial order on P~^) among those weights 
for which /(/i) 7^ gifJ^)- Without loss, assume that /(/x) < 5'(/x). Since g di f, there 
exist V > n with f{y) > g{y)] but this contradicts the maximality of //. 

Suppose finally that f,g,h&J^ are such that f z< g and g z< h, and assume for 
a contradiction that / ^/i. This means that there exists /j, e P"*" such that 

(6) /(//) > and, for all v > ji, /{i') > h{v). 

If 3.6(i) holds for / and (7, then by (6), g{iJi) > h{^). Since g z< h, there exists 
ly' > 11 with < h{u'). By (6), /(z/') > h{u'). Thus, 

(i) ' there exists u' > n with (/(z^') < h{h'') < fiy')- 

On the other hand, if (3.6) (ii) holds for / and g, then, by (6), 

(ii) ' there exists v > ji with h{u) < f{u) < g{i^). 

Note that any v satisfying (ii)' lies in supp{g). Thus, if there exists v satisfying 
(ii)', we may assume that v is maximal with this property. Since g d h, there exists 
u' > 1/ with g{iy') < /i(z/'). Since u' > n, (6) implies that u' satisfies (i)'. But since 
f d g, there exists u" > v' with f{iy") < g{y")- Then, (6) implies that f" satisfies 
(ii)'. Since v" > u, this contradicts the maximality of v. 

Similarly, assuming that (i)' holds for some u' also leads to a contradiction. □ 

If V is an afiinization of A, define fv^^hy 

fv{f^) = m^{V), (/xeP+). 

It is clear that fy depends only on the equivalence class of V, and that the map 
^ JF given by [V] fv is injective. Thus, d induces a partial order on Q^, 
which we also denote by z<- 

Defintion 3.8. If X E P+ and [V], [W] e Q^, we write [V] d [W] iff, for all 

fi G P^ , either, 

(i) m^{V) < m^{W), or 

(ii) there exists v > ^ with rrij^iy) < m^{W). 

An affinization V of X is minimal if [V] is a minimal element of for the 
partial order d, i-e. if [W] G Q"^ and [W] d [V] implies that [V] = [W]. 

It follows immediately from 3.5 that 

Corollary 3.9. For any X G P"*", minimal affinizations of X exist. □ 



4 The rank 1 case 

In this section, q = sl2{C) and / = {!}. 

Defintion 4.1. Let r G a G C^. The g-segment Sr^a of length r and centre a 
is the sequence of non-zero complex numbers aq~'^'^^, aq~'^'^^, • • • , aq^~^ . Two q- 
segments Si and S2, of lengths r\ and r2, are said to he in special position i/S*! U5'2 
is, when suitably ordered, a q-segment of length strictly greater than max{ri,r2}; 
otherwise. Si and S2 are said to be in general position. 

\-\T ^^- rol. 
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Theorem 4.2. Let r eN, a E and write 

r 
k=l 

SO that the roots of Pr,a are the elements of Sr,a- Then: 

(a) V{Pr,a) is irreducible as a representation ofUq{sl2), and has dimension r + 1; 
(h) a tensor product 

(7) V{Pr,,a,)®V{Pr,^a.)® ■ ■ ■ ®V{Pr^,aJ, 

where ri,r2, . . . jT™, G N, ai,a2, . . - am ^ C^, is irreducible as a representation of 
Uq{sl2) iff each pair of strings Sr^^a^j ^ri,ai, for 1 < k < I < m, is in general 
position. Moreover, two irreducible tensor products of the form (7) are isomorphic 
as representations of Uq{sl2) iff one is obtained from the other by permuting the 
factors in the tensor product; 

(c) every finite-dimensional irreducible representation of Uq{sl2) of type 1 is 
isomorphic to a tensor product of the form (7). □ 

Corollary 4.3. For any r e N, Q^^^ has a unique minimal element. This element 

is represented by V{P), where P is any polynomial of degree r whose roots form a 
q-segment. If [W] e Q^^^ is not minimal, then TO(r-2)Ai(W^) > 0- 

Proof. The first part is immediate from 4.2 and 3.4. If [W] e Q^^^ is not minimal, 
then by 4.2(c), 

W^V{Pr„a,)^---^V{Pr^,aJ 

where ri H \-rm = r and m > 1. By 2.1(e) and the well-known Clebsch-Gordan 

decomposition for representations of 5/2 (C), the second part of 4.3 follows. □ 

We record the following result here, as it will be needed later. It is an immediate 
consequence of Propsition 4.9 in [3]. 

Proposition 4.4. Let r, s G a,b E , and let v,w be Uq{sl2) highest weight 
vectors in V{Pr,a), V{Ps,b), respectively. Then, W = Uq{sl2)-{v®w) is a proper 
Uq{sl2)-subrepresentation of V = V^(-Pr,o)®^(-Ps,b) iff b/a = qr+s-'2p+2 some 
< 7? < min{r, s}. In that case, W and V/W are irreducible as representations of 
Uq{sl2), and as representations ofUq{sl2), 

W = V{{r^ s)\i)®V{{r + s - 2)Ai)© • ■ ■ ®V{{r + s - 2p + 2)Ai), 
V/W ^ V{{r + s- 2p)\i)®V{{r + s-2p- 2)Ai)© • • • ®V{\r - s\\i). □ 



5 The rank 2 case 



T„ j-l,;„ — _ ;„ „c 1. o ] r fi ol 
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Theorem 5.1. Let X = riXi + r2\2 G • Then, has a unique minimal 
element. This element is represented by VCP), where P e V^, iff the following two 

conditions are satisfied: 

(a) for each i = 1,2, either Pi = 1 or the roots of Pi form a qi-segment of length 
ri and centre ai (say); 

(h) ifPi^l and P2 ^ I, then 

^ _ ^diri+d2r2+2d2-l ^-(diri+d2r-2+2di -1) 

The proof of 5.1 will occupy the remainder of this section. If q is of type ^2, it 
is proved in [4]. From now on, we assume that Q is of type C2 or G2- 

Proof of 5.1(a). To prove that 5.1(a) is necessary, we need the following two lemmas. 
To state the first lemma, we note that, for each z = 1, 2, there is an algebra 
homomorphism Uq^{sl2) — > Uq{Q) such that xf^^, ^ a;^^, ki 1— > ki, hi^r ^ ^i,r (this 
is clear from 1.3). Let Ui be the image of this map. 

Lemma 5.2. Let P and let vp be a highest weight vector ofV(P). Then, for 
each i = l, 2, Ui.v-p is an irreducible representation of Uq^{sl2). 

Lemma 5.3. Let A e P+, P eV^. 

(a) If Pi ^ 1 and the roots of Pi do not form a qi-segment, then mA-ai(^(P)) > 

0. 

(b) If Pi — 1, or if Pi ^ 1 and the roots of Pi form a qi-segment, then, for all 
r>0, mA-.a,(V^(P)) =0. 

Assuming these lemmas, suppose that V^(P) is minimal but that, for some i & I, 
Pi ^ I and the roots of Pi do not form a gj-segment. Let Q = {Qj)j^i G V'^ be 
such that, for J = 1, 2, if Qj ^ 1 the roots of Qj form a q-j -segment. We claim that 

[vm -< [v{p)]. 

Let /U G P"*" be such that m^(F(Q)) > 0, /U 7^ A. By 5.3(b), = A — s\a\ — 82^2, 
where si, S2 > 0. Hence, // < A — a^, and, by 5.3(a), 

mx-a,{V{P)) > 0, mx-alV{Q)) = 0, 

so iJ, satisfies 3.8(ii). This proves our claim, and hence also that 5.1(a) is necessary. 

Proof of 5.2. Suppose that Ui.v-p is reducible. Then, by 2.2(b), there exists v G 
tli.vp, not a multiple of vp, such that v is annihilated by x~l^ for all r E Z and is 
an eigenvector of ki. It is easy to see from the relations in 1.3 that the set of such 
vectors v is preserved by the action of the 0^^, for all j e I, s e Z. Hence, we may 
assume that 

= ^ts^ U el, seZ) 

for some G C. In particular, v is a common eigenvector of ki and k2, and 

since v G Ui-vp, its weight is clearly of the form A — toj for some t G Z. Then, 
x'^.^.v = for j 7^ i as well. This shows that is a t/q(g) -highest weight vector, 
which contradicts the irreducibility of V(P). □ 

Proof of 5.3. (a) By 5.2, Ui.vp is irreducible as a representation of Uq^ (5/2)- By 4.3, 
there exists 7^ f G Ui.vp fl V{P)\-ai such that x'Iq.v = 0. Clearly then x'^q.v = 
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(b) If Pi = 1, the statement is clear, since then X — rai ^ P+. Let Pj ^ 1 be such 
that the roots of Pi form a q-i-segment. If m\-rai{V(P)) ^ 0, then, by 1.4, we see 
that there exists ^ v e V{P)x-rai H Ui-vp such that x^q.v = 0. But, by 5.2 and 
4.2(a), Ui-Vp is irreducible as a representation of t/g. (5/2), so this is impossible. □ 

Before showing that 5.1(b) holds, we show that if one of Pi, P2 is equal to 1, say 
Pi without loss, and the roots of P2 form a q'2-segmcnt, then [y(P)] is minimal. 
For, suppose Q G P^ is such that [V^(Q)] is minimal and [V^(Q)] ^ [V^(P)]- Then 
Qi — 1, and since 5.1(a) is neccessary, the roots of Q2 form a q'2^segment. But 
then, for some t e C^, t;{V{Q)) ^ ]/(P) by 3.4, so [V{Q)] = [1/(P)] and []/(P)] 
is minimal. This establishes 5.1 when = for some i = 1,2. 

Prom now on, we assume that Pi 7^ 1, i = 1,2, and that the roots of Pi form a 
g^-segment with centre G C^, i = 1, 2. To complete the proof of 5.1, we need 
the following two results. Status: RO 

Proposition 5.4. Let q be of type C2 or G2, and let fx = riXi + r2\2 £ ■ 
Assume that, if Qi ^ 1, the roots of Qi form a Qi-segment of length ri and centre 
hi. 

(a) If Qi = 1 for some i = 1,2, then, for all Sj > 0, 

m^_,,a,(V(Q)) = 0, m^-a,-a,{V{Q)) = 0. 

(b) Assume that Qi ^ 1, i = 1,2. Let M be a highest weight representation ofUq{g) 
with highest weight Q G such that 

(8) m^-a.-a^iM) = 0, m^_«,(M) ^ 0, 

for i = 1,2. Then, 

^ _ qdiri+d2r2+2d2-l ^-(diri+d2r2+2di -1) 

(c) Assume that Qi ^ 1 and define Q*^*) G 'P'^^'^^ as follows: 



Qf 



Qi ifi = j, 
1 ifi¥'j- 



Let Vi be a Uq{g)-highest weight vector in V{Q^'^^), and let M — Uq{Q).{vi'^Vj) C 
y(Q('))®F(Q(-^)), i ^ j. Then 

^3 

If p : Uq{g) — > End{V) is a representation, denote the representation p o a) by 
u;*iV). 

Proposition 5.5. Let g be of type or G2. Let ji = riAi + r2A2 G P"*", let 
Q = {Qi)i^i G V^, and let 

Qi{u) = f[{l-a-lu) {i = l,2). 
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Define polynomials Qi{u) by 

ri 

QM = ~ Qiai,ru). 

r=l 

Then, V(Q) ^ T;ib*{V{Q)) for some t e . 

Assuming these propositions, we complete the proof of 5.1 as follows. Suppose 
that [V^(P)] is minimal but that 01/02 has neither of the values stated in 5.1(b). 
By 5.3(b), mx-ai{V(P)) = 0, so by 5.4(b), 

mx-a^-a,iV(P)) > 0. 

Choose Q = {Qi)iei ^ such that the roots of Qi form a g^-segment with centre 
bi, where 61/62 has one of the values in 5.1(b). By 5.4(c), 

Hence, [V{Q)] ^ [F(P)]. If m^(y(Q)) > 0, /i ^ A, then by 5.4(c), // = A - siai - 
S2Q!2 where si, S2 > 0, and since 7^ A — cti — 0:2, we have jd < X — ai — a2- Hence 
satisfies 3.8(ii), and [V^(Q)] -< [V{P)], contradicting minimality of [y(P)]. 
Conversely, suppose P is such that conditions 5.1(a) and 5.1(b) are both satisfied. 
Choose Q = iQi)^eI e such that [V{Q)] is minimal and [V{Q)] ^ [V^(P)]. Since 
conditions 5.1(a) and (b) are necessary, the roots of Qi must form a g^-segment with 
centre bi, say, where 61/62 also has one of the values in 5.1(b). If ai/a2 = 61/62, 
then, by 3.4, ^(Q) ^ t*{V{P)) for some t G C^, and then [^(Q)] = [^(P)]. On 
the other hand, if ai/as = q<i^^i+d2r2+2d2-i (^ggp^ g-(diri+d2r2+2di-i)^ ^^^^ ^^/^^ ^ 
^-(diri+d2r2+2di-i) (^ggp_ ^diri+d2r2+2d2-i)^ then by 5.5, "l/(Q) ^ w*(F(P)), and 
again [V^(Q)] = [^(P)]. In both cases, [V^(P)] is minimal. 
We continue to assume 5.4 and prove 5.5. 

Proof of 5.5. We first reduce to the case when ^(Q) is fundamental. By 2.6, V(Q) 
is isomorphic to the unique irreducible subquotient of 

ri 

which contains a [/q(0)-subrepresentation isomorphic to V{ii), and hence U!*{V{Q)) 
is isomorphic to the unique irreducible subquotient of 

(ri \ ri 

iel r=l / i£l r=l 

which contains a C/q(g)-subrepresentation isomorphic to V (the order of the factors 
in the tensor product on the right-hand side of (10) is the reverse of that on the 
left-hand side). It is clear that the unique such quotient of 



(g)(g)F(A„to-,i) 
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is isomorphic to (r^*) ^(^(Q)). 

To prove the result in the fundamental case, note that, by 3.3, 

u;*{V{Xi,ai))^V{Xi,ai), (i = l,2), 

for some G (not necessarily the complex conjugate of tti). Assume that 
01/02 = qf-(3rfi+rf2-i)_ By 5 9^ if y. [g -highest weight vector in V{Xi, ai), and 

M = Uq{Q).{vi^V2), then mx.+x^-c^-c^AM) = 0. Clearly, M' = Uq{Q).{v2^vi) C 
a>*(M), hence mx^+x^-ai-a^iM') = 0. By 5.9 again, 

^ ^ ^-(di+3d2-l)_ 

ai 

Hence, 

g^aiai = gia2a2, 
so the result follows from 3.4. □ 

Proof of 5.4(a). We assume that d2 = 1- 

The fact that m^_s.Q,^(y(Q)) = follows from 5.3(b). If Qi = 1 it is enough to 
notice that — ai — 02 ^ ■ 

If (52 = I7 we must consider separately the cases when q is of type C2 or G2- 
Let vq be a t/q(0)-highest weight vector of V{Q). 

If g is of type C2, then Xq.vq has weight riAi — cti — 2q!2, which is Weyl group 
conjugate to riAi — ai e P~^. Hence, if mjy{V{Q)) > and Xq.vq has a non-zero 
component in a t/g(g)-subrepresentation of y(Q) of highest weight then u = riXi 
or nAi -ai. But, mriX-,-ci{V{Q)) = by 5.3(b), so Xq .vq e Uq{Q).VQ = V{riXi). 
Similarly, if Vq is a C/q(g)-lowest weight vector of V{Q), then Xq .Vq G t^g(s)-^'Q = 
Uq{Q).VQ. It follows that a; J preserve Uq{Q).VQ, and hence that Uq{Q).VQ is a t/^g(0)- 
subrepresentation of 1^(Q). This not only proves 5.4(a), but the following stronger 
result: 

Proposition 5.6. If Q is of type C2, where d2 = 1, and if r & N, then rXi has 
an affinization which is irreducible as a represerdation of Uq{Q) (this necessarily 
represents the unique minimal element of QJ'^^). □ 

If Q is of type G25 Xq .vq is obviously killed by x^^ since [0:2", ^Cq"] = 0. Hence, 
if Xq .Vq has a non-zero component w in a [/g(0)-subrepresentation of V(Q) iso- 
morphic to V{riXi — ai — q;2), then xj.w = 0. This implies that x^.w 7^ since 
the weight of w (which is the same as the weight of Xq .vq) is (ri — l)Ai which is 
less than riAi — cti — 0:2. But then (ri — l)Ai + cti, and hence also its Weyl group 
conjugate (ri — l)Ai + Q!i + 3q:2, is a weight of F(riAi —ai —0:2). This is impossible 
because (ri — l)Ai + ai + 3a2 > riAi — ai — a2. 

The proof of 5.4(a) is now complete. 

We assume from now on that 7^ 1, ^ = 1, 2. To prove (b) and (c) we shall 
need the following result. 

Lemma 5.7. Let M be a highest weight Uq{Q) -module with highest weight Q G V^, 
H = riXi + r2X2, and highest weight vector m. Assume that m^_Q,.(M) = 0. Then, 
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for some Hi^r, ^i,r G C. If, in addition, the roots of Qi form a qi-segment with 
centre hi, then 

Hi,i = q-\\riU,, Xi,, = hT\l^-\ 

(h) Let W C. M be the linear span of {x^ X2 -m, X2 Xi .m} . Then, the following 
are equivalent: 

(i) x^-i^x^^Q.m e W; 

(a) x~rX~g.m G W for all i j & {1, 2}, r, s e Z; 
(Hi) m^_„i-a2(M) = 0. 

We assume 5.7 and complete the proof of 5.4. 
Proof of 5.4(b). Suppose that (8) is satisfied. By 5.7(b), we can write 

where C, D e C Applying x^ q, x^q and X2^i, respectively, to both sides of this 
equation, and using 5.7(a) and the relations in 1.3, we find the following system of 
equations for C, D: 

qr''{K'Q?~'[riU - [ai2U<l?b2'<l?~')=C[n-ar2U+D[r,],,, 

[r2]q2K^Q?~^ = C[r2]q2 + D[r2 - a2l]q2, 

Dqr''{b2\?~'[r2U, - [a2i]q,q?K\?~')- 

A straightforward calculation shows that these equations are consistent only if (9) 
holds. 

Proof of 5.4(c). We prove this when g is of type C2, the G2 case is similar. By 
5.3(b), we know that, for all i,j, mp_a^.(y(Q(*^) = 0. Hence, m^j,-a.i{M) = for 
i — 1,2 and, by 5.7, proving that m^-a^-ajyM) = is equivalent to proving that 

,0^1,1 ~ ^ ^^i,i^j,o)-('^»®'^i) ^ linear combination of the 

following two elements: 

(11) ^lo^loi^i®'"]) = ^ifi-^i^^lo-^j + (h''''"i®^i,o^lo-^j^ 

(12) xloxloi.'^i^Vj) = ^lo^lo-'^i^^j + (k^x~Q.Vimj^Q.Vj. 

Note that, by the isomorphism / in 1.3, we have Xq = [x2q, [X20, ^rilgll^i^i)""*^; 
from which one deduces that 

[xt,x+] = {-iy^'-{q'-q-^)[x-„x-Mkik2r'. 
Using 1.2 and 5.7(a), one finds that 

[X2 ,XQ]{Vi^Vj) ^ [x2jXQ].Vi®k2ko.Vj + Vi®[x2,XQ].Vj 
_ r i\<5i. 2('„2 „-2\/u-l „-di-diri - - „. l,-l„-l„. „- „. \ 
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It is easy to see that this element is a hnear combination of the elements in (11) 
and (12) if and only if 

— = q-{diri+d2r2+2di-l) ^ q 

bj 

Finally, we give the 

Proof of 5. 7. (a) That m is a common eigenvector of the hi^r is a consequence of 
the fact that m is the highest weight vector of M and of the relation between the 
(pf^ and the hi^r given in 1.3. If the roots of Qi form a gi-segment, then, by using 
(5), it follows immediately that the eigenvalue of hi^i is as given. To see that x~^.m 
is a multiple of x~Q.m, it suffices to note that, in view of the relations in 1.3, x^q 
kills a suitable linear combination of and X- Q.m. 

(b) By 5.7(a), to prove that (i) implies (ii), it suffices to prove that x~^x~Q.m e W 
for all r e Z, i J. By the following relation in Uq{Q), and an obvious induction 
on r, we may assume that i = 1, j = 2: 

ry ry '-''21 /yt rf ^21 ry ry ry ry 

•^2,r-^l,s y •^l,s-^2,r ~ ^ •*'2,r-l'*'l,s+l •*'l,s+l'*'2,r-l- 

Since we are given that x^]^X2Q-m e W, we are reduced to proving the following 
statement: 

(13) if x^,^X2^Q-'m e W for some r G Z, then a;^j,_i_j^x^Q.m e W . 
To prove (13), note first that the relation 

in Uq{g), and the fact that c^/^ acts as the identity on M, imply that there exist 
elements Hj, e Uq{Q), r G Z, which are linear combinations of hi^±r,i — 1,2, such 
that, for all m' e M, r,s e Z, 

[Hs,x~J.m' = Siix^^+^.m' . 

Now, (13) will follow if we prove that H±i.W C W. For Hi, this follows from 
5.7(a) and the assumption that Xi iX2^Q.m e W. For H_i, it sufiices similarly to 
prove that x^ _iX2 Q-m e W. By assumption, we can write 

(14) ^1,1^2,0-™ ~ ^^1, 0-^2,0-'"^ "t" -^^2,0-^1,0-''^' 

for some A,B E C If A 7^ 0, applying H-i to both sides of (14) gives the desired 
conclusion. If A = 0, we use the same argument with if_2 to get Xi -iX2 o-m G W. 

To prove that (ii) implies (iii), note that, by 1.4, M^_q,i-q-2 is spanned by 
{x~r^~s-'^}i,j=i,2,r,sez- Heucc, M^-a^-a^ = W. Siucc W C Uq{Q).m = V{ii), 

For (iii) implies (i), suppose for a contradiction that iC]~,i^2^o-''^ ^ Then 
dim{M^_c,i-a2) > 3. But, dim{V{^)^-a^-a2) = 2- Since m^-ai{M) = for 
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